
Deep generative models and their
applications in missing data problems

Pierre-Alexandre Mattei

Ensembles in machine learning
(simple) theory and (simple) practice

Pierre-Alexandre Mattei

joint work with
Damien Garreau, Raphaël Razafindralambo, Rémy Sun, Frédéric Precioso



Menu of the day

1. Historical intro
2. Some basic examples of ensembles used in practice

Ø MC dropout
Ø Deep ensembles

3. When and why ensembling works? Some empirics
4. When and why ensembling works? The case of convex losses
5. Nonconvex subtleties

v Mattei and Garreau, Are Ensembles Getting Better All the Time, JMLR 2025
v Razafindralambo et al., When Are Two Scores Better Than One? Investigating Ensembles of 

Diffusion Models, TMLR 2026
v Razafindralambo et al., Beyond Mixtures and Products for Ensemble Aggregation: A Likelihood 

Perspective on Generalized Means, UAI 2026



1
Ensembles in stats and machine 
learning, a brief history
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• Ensembles combine the predictions of several base models. 

• They became very trendy in the 90s, in particular via the work of Leo Breiman, who came 
up with bagging and random forests

v Breiman, Bagging predictors, Machine Learning, 1996
Ø Base models correspond to the same algorithm trained on 

different bootrapped subsamples of the data

v Breiman, Random forests, Machine Learning, 2000
v A variant of bagging where base models are randomised 

decision trees
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• Ensembles combine the predictions of several base models. 

• They became very trendy in the 90s, in particular for neural networks. Base models 
correspond to the networks with the same architecture trained with different 
initialisation

v Hansen and Salamon, Neural network ensembles, IEEE PAMI, 1990

v Krogh and Vedeslby, Neural Network Ensembles, Cross Validation, 
and Active Learning, NeurIPS, 1995
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• For tabular data, ensembles of decision trees (random forest, boosting) still perform better 
than deep learning.

v Grinsztajn, Oyallon, and Varoquaux, Why do tree-based models still 
outperform deep learning on typical tabular data?, NeurIPS 2022

• Ensembling also works well together with deep learning.
Ø In Monte Carlo dropout (MC dropout), base models are versions of a single network 

with several dropout masks
v Gal and Ghahramani, Dropout as a Bayesian Approximation: Representing 

Model Uncertainty in Deep Learning, ICML 2016
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• For tabular data, ensembles of decision trees (random forest, boosting) still perform better 
than deep learning.

v Grinsztajn, Oyallon, and Varoquaux, Why do tree-based models still 
outperform deep learning on typical tabular data?, NeurIPS 2022

• Ensembling also works well together with deep learning.
Ø In Monte Carlo dropout (MC dropout), base models are versions of a single network 

with several dropout masks
Ø Deep ensembles are similar to the neural net ensembles of the 90s: base models are 

different trainings of the same deep architecture
Ø Lakshminarayanan, Pritzel, Blundell, Simple and Scalable Predictive 

Uncertainty Estimation using Deep Ensembles, NeurIPS 2017
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• For tabular data, ensembles of decision trees (random forest, boosting) still perform better 
than deep learning.

v Grinsztajn, Oyallon, and Varoquaux, Why do tree-based models still 
outperform deep learning on typical tabular data?, NeurIPS 2022

• Ensembling also works well together with deep learning.
Ø In Monte Carlo dropout (MC dropout), base models are versions of a single network 

with several dropout masks
Ø Deep ensembles are similar to the neural net ensembles of the 90s: base models are 

different trainings of the same deep architecture

Both MC dropout and deep ensembles work extremely well especially 
with respect to ‘‘uncertainty aware’’ metrics like the cross-entropy, but 

are a bit less impressive in terms of accuracy.
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• The key idea behing ensembles is that groups are 
collectively better at decision-making than individals. 
This is an old idea, that goes way beyond ML.

• At the end of the 1700s, Condorcet proposed a 
mathematical formalisation of this argument that is 
somewhat close to what we’ll see today. His main 
applications were politics and jurys.
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• The key idea behing ensembles is that groups are 
collectively better at decision-making than individals. 
This is an old idea, that goes way beyond ML.

• Economists, econometricians and forecasters have used 
ensembles from the 60s.
v Clemen, Combining forecasts: A review and annotated 

bibliography, International Journal of Forecasting, 1989

564 R. T. Clemen / Combining forecasts 

However, the heading for this section is somewhat 
misleading. Most of the forecasting literature, both 
theoretical and empirical, is statistical by nature. 
Furthermore, much of it has appeared in manage- 
ment science journals. The early contributions by 
Bates and Granger, Dickinson, and Bunn, for 
example, appeared in Operational Research 
Quarterly. Thus, to a great extent the distinctions 
are blurred. 

Aside from Laplace, the earliest statistical 

The opening quote shows that, indeed, combin- 
ing estimates is not new. More than 170 year ago, 
Laplace considered combining regression coeffi- 
cient estimates. In his work, described by Stigler 
(1973) he was able to derive and compare the 
properties of two estimators, one being least 
squares and the other a kind of order statistic. 
Based on the joint distribution of the two, he 
derived a combining formula. However, he con- 
cluded that not knowing the error distribution 
rendered the combination infeasible. 

treatment of combining multiple estimates ap- 
pears to have been that of Edgerton and Kolbe 

Another major contribution of the statistics 

(1936). The authors found an ‘optimal’ combined 
estimate, but their optimality criterion was to 
minimize the sum of squares of the differences of 
the standard scores for the estimates. Indepen- 
dently, Horst (1938) derived a composite measure 
by maximizing the pairwise separation among the 
sample points. Both approaches are closely related 
to least squares, but compared to standard least 
squares techniques they seem awkward and fore- 
ign. Halperin (1961) provided a minimum- 
squared-error combination of estimates, and 
Geisser (1965) discussed the Bayesian equivalent, 
finding a decision maker’s posterior distribution 
for a quantity given multiple dependent forecasts 
of the quantity. The combining forecast research 
of the early 1970’s appears to have been done 
without cognizance of this early statistical re- 
search. 
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Exhibit 2. The historical development of the combining forecasts literature. 



What are ensembles? Beyond stats and ML

21

• The key idea behing ensembles is that groups are 
collectively better at decision-making than individals. 
This is an old idea, that goes way beyond ML.

• The phrase « wisdom of crowds », popularised by 
Surowiecki’s bestselling book, is often used to summarise 
this idea
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• Today, we’ll study ensembles that are slight variations of the same model, e.g. random 
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• Today, we’ll study ensembles that are slight independent variations of the same model, 
e.g. random forests, deep ensembles, MC dropout, bagging, test-time data 
augmentations…

• While this is very general, other ensembles that do not satisfy this property exist, but we 
will not be looking at them today: boosting, Bayesian model averaging, ensembles of 
different physical models for weather forecasting…

v Kuncheva, Combining Pattern Classifiers: Methods and Algorithms (2nd edition), 
Wiley, 2014
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Basic but popular ensembles of neural nets
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• Train ! neural nets on the same dataset, with the same training algorithm but different 
random seeds.

• Weirdly enough, it generally outperforms bagging of deep nets.

• Again, we can average the networks as we see fit, for instance just average the outputs.



Deep ensembles
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• Train ! neural nets on the same dataset, with the same training algorithm but different 
random seeds.

• Weirdly enough, it generally outperforms bagging of deep nets.

• Again, we can average the networks as we see fit, for instance just average the outputs.

• This can be used for any deep learning task, not only classification, but segmentation, 
generative modelling, regression…

• Related to Bayesian deep learning:
Ø Wild et al., A Rigorous Link between Deep Ensembles and (Variational) Bayesian Methods, NeurIPS 2023 



MC dropout

28

• Train a neural net once, but with dropout activated.

• Then, average the networks obtained using different (random) dropout masks.
<latexit sha1_base64="TWZCROa+Y++24NCzJ5Xy43QAWZI="></latexit>
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• Train a neural net once, but with dropout activated.

• Then, average the networks obtained using different (random) dropout masks.
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• Train a neural net once, but with dropout activated.

• Then, average the networks obtained using different (random) dropout masks.
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MC dropout

Deep latent variable models (DLVMs)

• Latent variable models that leverage deep learning.
• Include variational autoencoders (VAEs) and generative
adversarial networks (GANs).
• Nonlinear generalisation of factor analysis, PCA, topic models…

Kingma & Welling (ICLR 2014), Rezende et al. (ICML 2014), Goodfellow et al. (NeurIPS 2014)

12

Deep latent variable models (DLVMs)
(Kingma and Welling, 2014, Rezende, Mohamed & Wierstra (2014))

Assume that (xi, zi)in are i.i.d. random variables driven by the model:
(

z ⇠ p(z) (prior)
x ⇠ p✓(x | z) = �(x | f✓(z)) (observation model)

z

x
✓

n

where
• z 2 Rd is the latent variable,

• x 2 X is the observed variable,

• the function f✓ : Rd ! H is a (deep) neural network called the decoder

• (�(· | ⌘))⌘2H is a parametric family called the observation model, usually very
simple: unimodal and fully factorised (e.g. multivariate Gaussians or products of
multinomials)
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Deep neural network
(decoder, generator)

32

• Train a neural net once, but with dropout activated.

• Then, average the networks obtained using different (random) dropout masks.

Loose relationship with Bayesian inference:
Ø Hron et al., Variational Bayesian dropout: pitfalls and fixes, ICML 2023
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When and why ensembles work?
some empirics



MC dropout for medical image classification
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• Ensembles seem to be monotonically improving for the cross-entropy, but things seem 
less clear for the accuracy.
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• Ensembles seem to be monotonically improving for the cross-entropy, but things seem 
less clear for the accuracy.

• If we investigate, we notice that we can split the test dataset into two parts:
Ø One part where the prediction of "#! is right, for which the accuracy increases
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• Ensembles seem to be monotonically improving for the cross-entropy, but things seem 
less clear for the accuracy.

• If we investigate, we notice that we can split the test dataset into two parts:
Ø One part where the prediction of "#! is right, for which the accuracy increases
Ø One part where the prediction of "#! is wrong, for which the accuracy decreases
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What about the cross entropy? 
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What about the cross entropy?

43

• Dividing the dataset into the same parts is harmless for the monotonicity of the cross-
entropy. It seems that the cross-entropy is always getting better and better!
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• These observations are incredibly universal, and were previously highlighted for random 
forests by Probst and Boulesteix (2018) who looked at 308 data sets!

v Probst and Boulesteix, To Tune or Not to Tune the Number of Trees in Random 
Forests, JMLR 2018
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the ensemble grows
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• These observations are incredibly universal, and were previously highlighted for random 
forests by Probst and Boulesteix (2018) who looked at 308 data sets!

v Probst and Boulesteix, To Tune or Not to Tune the Number of Trees in Random 
Forests, JMLR 2018

• Their empirical conclusions are:

Ø The cross-entropy and the Brier score seem to be getting better all the time as 
the ensemble grows

Ø The accuracy and the AUC have a more subtle behaviour that can be non-
monotonic

Our goal is to provide a theoretical explaination for these behaviours. 
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• We observe similar patterns for regression

Ø MSE, MAE, Huber losses are getting better all the time

Ø Some other weird losses (e.g. for robust regression) may be nonmotonic
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• Things are also similar for generative modelling with diffusion models

v Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Introduction

How di!usion models work: the big picture (with SDEs)

Principle: Start from noise z → pnoise = N (0, I), end with an image x → pdata.

• f(x, t) ↑ Rd: drift coe!cient.
• g(t) ↑ R: di”usion coe!cient.

• t ↑ [0, T ].
• dx, dt: small change in x, t.
• w: Brownian motion.

Raphaël RAZAFINDRALAMBO (Inria Maasai) When are Two Scores Better than One ?

October 7, 2025 Working Group on Model-Based Clustering
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• Things are also similar for generative modelling with diffusion models

• The loss function is essentially a MSE to learn an approximation of the score ∇"log	 )# *

…so in a sense, this is quite similar to regression!

v Vincent, A connection between score matching and denoising autoencoders, Neural Computation, 2011
v Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Published in Transactions on Machine Learning Research (02/2026)

original data distribution (the backward process). The forward process is defined by an SDE with continuous
time from time 0 to T of the form

dx = f(x, t)dt + g(t)dw, (2)
where f : Rd → [0, T ] ↑ Rd and g : [0, T ] ↑ [0, +↓) are pre-assigned such that xT approximates N (0, ω

2

T I),
wt ↔ Rd is a standard Wiener process, and x0 ↗ q0(x0). Under some regularity conditions, defining qt(x)
as the marginal distribution of xt and w̄t as a time-reversed Wiener process, a corresponding reverse-time
(backward) SDE with the same marginals can be written (??)

dx = [f(x, t) ↘ g(t)2≃x log qt(x)]dt + g(t)dw̄. (3)

To draw samples that approximate q0, we follow the procedure of ?: start from Gaussian noise xT and
integrate the backward SDE using typically Euler–Maruyama updates. This involves discretizing the
interval [0, T ] into N steps 0 = t0 < · · · < tN = T and applying the solver from tN down to t0. Provided
the model is su!ciently trained and under additional conditions (?), the final sample xt0 is distributed
according to a density p

SDE

0,ω that approximates q0. Equation (3) also admits a deterministic ODE whose
trajectories share the same marginals, allowing the exact computation of the model likelihood via the
instantaneous change-of-variables formula (?).

The Stein score ≃x log qt(x) is the unknown component of Equation (3). Accordingly, score-based di"usion
models train to estimate it at each t by minimizing the Denoising Di!usion Score Matching (DDSM) objective

LDDSM(sω) := Et→[0,T ]

(
εtEqt|0(xt|x0)q0(x0)⇐sω(xt, t) ↘ ≃xt log qt|0(xt|x0)⇐2

)
, (4)

where εt ⇒ ε(t) > 0 is a weighting function, and sω(xt, t), generally a time-dependent neural network, aims
to predict ≃x log qt(x) (?). Implementations of sω(xt, t) include U-Nets (?), Vision Transformers (?) and
Tree-based models (?) such as Random Forests (?) or Gradient Boosted Trees (?).

2.2.2 Unifying perspectives on denoising generative processes

The neural network (or any chosen model) estimation of a time-dependent vector field (e.g., Stein score)
is the central element of the denoising process for many generative models. While the continuous SDE
formulation estimates the score function (?) to go to data from noise, other popular generative models such
as DDPM (?) and DDIM (?) estimate the noise associated to each step. Flow Matching (?) estimates a
velocity field to transport one distribution to another, and ? unify this perspective with di"usion models
in a general interpolation framework. Here, we illustrate on DDPMs/DDIMs the unifying framework by
showing that they can be treated interchangeably with score-based models when reasoning about the score.

Indeed, DDPMs model the forward and backward process as Gaussian Markov chains and learn to predict
noise with a network ωω(xt, t). This prediction can be reparameterized into a score estimate as sω(x, t) =
↘ εω(x,t)

ωt
, where ωt denotes the standard deviation of the marginal distribution at time t. This relation allows

us to unify DDPMs, DDIMs, and score-based models within a shared ensemble framework.

3 How to make an Ensemble of Di!usion models?

The aim of this work is to study the application of ensemble methods to di"usion models. While ensembling
in classical machine learning typically involves training multiple models and simply averaging their outputs
once, this straightforward strategy does not apply to di"usion models. Their generative process involves
a complex iterative procedure, making the aggregation of multiple models non-trivial. We structure this
section in two parts: we first explain how to obtain K distinct di"usion models (Section 3.1), and then how
to combine their outputs into a single one (Section 3.2). We illustrate the general methodology in Figure 2.

3.1 Instantiate K score-based predictors

Building on the fact that di"usion models learn a time-dependent score function, we now explore how to
build a diverse di"usion model ensemble. We consider both approaches based on neural networks, including

4
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2.2.2 Unifying perspectives on denoising generative processes

The neural network (or any chosen model) estimation of a time-dependent vector field (e.g., Stein score)
is the central element of the denoising process for many generative models. While the continuous SDE
formulation estimates the score function (?) to go to data from noise, other popular generative models such
as DDPM (?) and DDIM (?) estimate the noise associated to each step. Flow Matching (?) estimates a
velocity field to transport one distribution to another, and ? unify this perspective with di"usion models
in a general interpolation framework. Here, we illustrate on DDPMs/DDIMs the unifying framework by
showing that they can be treated interchangeably with score-based models when reasoning about the score.

Indeed, DDPMs model the forward and backward process as Gaussian Markov chains and learn to predict
noise with a network ωω(xt, t). This prediction can be reparameterized into a score estimate as sω(x, t) =
↘ εω(x,t)
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, where ωt denotes the standard deviation of the marginal distribution at time t. This relation allows

us to unify DDPMs, DDIMs, and score-based models within a shared ensemble framework.

3 How to make an Ensemble of Di!usion models?

The aim of this work is to study the application of ensemble methods to di"usion models. While ensembling
in classical machine learning typically involves training multiple models and simply averaging their outputs
once, this straightforward strategy does not apply to di"usion models. Their generative process involves
a complex iterative procedure, making the aggregation of multiple models non-trivial. We structure this
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• How can we build ensembles of diffusion models?
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Figure 2: Overview of ensembling within the Di!usion Models framework. We build K score models, for
example using Deep Ensemble where each model optimize in parallel the same loss LDDSM. At inference
time, we start from noise and generate x0 using an SDE solver update rule at each step in which we combine
the score models using a specific combination rule (e.g. arithmetic mean), instead of using one score model.

independently trained U-Nets, as well as ensemble of decision trees. That said, we will consider DE as the
main focus of our empirical study due to its simplicity and widespread use in neural network ensembling.

3.1.1 Ensembles of neural networks

We mainly consider the case of neural network ensembles (?). This is typically implemented through Deep
Ensemble. To construct a DE of di!usion models, we independently train K U-Nets {s(k)

ω }K
k=1

, each initialized
with a di!erent random seed. Hence each model is trained separately on the full dataset to optimize the
DDSM objective LDDSM (Equation (4)).

At this stage, the procedure is identical to that of constructing a standard deep ensemble in regression (?).
A notable point is that the Monte Carlo approximation of the loss exhibits relatively high entropy, due to
both the stochastic sampling of timesteps and the injection of Gaussian noise.

Beyond DE, we investigate alternatives techniques to encourage ensemble diversity (discussed in our ex-
periments in Section 5). Indeed ? showed that di!usion models with di!erent weight initializations (or
architectures) tend to converge to similar functions, despite a natural intuition that stochasticity in the loss
computation would lead to diverse solutions. This is explained by the smoothness of the loss landscape, and
the result is similar outputs at inference time for the same input noise.

One can use Monte Carlo Dropout (???) (MC-Dropout) as a lightweight alternative to training K separate
U-Nets, which can be computationally prohibitive in terms of training time or memory during inference in
our ensemble framework. Indeed MC-Dropout keeps dropout (?) active at test time on a single model,
enabling multiple stochastic forward passes that approximate ensemble behavior without additional training
cost.

3.1.2 Ensembles of decision trees

Random Forests - which ensemble individual decision trees - can be integrated into di!usion model frame-
works to enable e"cient training and sampling. Notably, ? demonstrated that such tree-based models are
particularly e!ective for tabular data generation, outperforming deep learning–based di!usion methods (??).
The method replaces neural networks with standard ensemble-based estimators, training a distinct Random
Forest at each noise level to approximate the score function. We complement their study by focusing on a
new aspect: while they emphasize that XGBoost is the best method to estimate the score (ahead of Random
Forest), we analyze the e!ect of the number of trees forming a Random Forest on performance and study
various aggregation schemes.

5
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Figure 2: Overview of ensembling within the Di!usion Models framework. We build K score models, for
example using Deep Ensemble where each model optimize in parallel the same loss LDDSM. At inference
time, we start from noise and generate x0 using an SDE solver update rule at each step in which we combine
the score models using a specific combination rule (e.g. arithmetic mean), instead of using one score model.

independently trained U-Nets, as well as ensemble of decision trees. That said, we will consider DE as the
main focus of our empirical study due to its simplicity and widespread use in neural network ensembling.

3.1.1 Ensembles of neural networks

We mainly consider the case of neural network ensembles (?). This is typically implemented through Deep
Ensemble. To construct a DE of di!usion models, we independently train K U-Nets {s(k)

ω }K
k=1

, each initialized
with a di!erent random seed. Hence each model is trained separately on the full dataset to optimize the
DDSM objective LDDSM (Equation (4)).

At this stage, the procedure is identical to that of constructing a standard deep ensemble in regression (?).
A notable point is that the Monte Carlo approximation of the loss exhibits relatively high entropy, due to
both the stochastic sampling of timesteps and the injection of Gaussian noise.

Beyond DE, we investigate alternatives techniques to encourage ensemble diversity (discussed in our ex-
periments in Section 5). Indeed ? showed that di!usion models with di!erent weight initializations (or
architectures) tend to converge to similar functions, despite a natural intuition that stochasticity in the loss
computation would lead to diverse solutions. This is explained by the smoothness of the loss landscape, and
the result is similar outputs at inference time for the same input noise.

One can use Monte Carlo Dropout (???) (MC-Dropout) as a lightweight alternative to training K separate
U-Nets, which can be computationally prohibitive in terms of training time or memory during inference in
our ensemble framework. Indeed MC-Dropout keeps dropout (?) active at test time on a single model,
enabling multiple stochastic forward passes that approximate ensemble behavior without additional training
cost.

3.1.2 Ensembles of decision trees

Random Forests - which ensemble individual decision trees - can be integrated into di!usion model frame-
works to enable e"cient training and sampling. Notably, ? demonstrated that such tree-based models are
particularly e!ective for tabular data generation, outperforming deep learning–based di!usion methods (??).
The method replaces neural networks with standard ensemble-based estimators, training a distinct Random
Forest at each noise level to approximate the score function. We complement their study by focusing on a
new aspect: while they emphasize that XGBoost is the best method to estimate the score (ahead of Random
Forest), we analyze the e!ect of the number of trees forming a Random Forest on performance and study
various aggregation schemes.
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subsets when evaluating FID for smaller ensemble sizes (e.g. for K = 2 we take all the subsets of size 2 in
the whole set of size K). For the LDDSM loss, intervals are computed from 10 runs. In Section 5.3, FID
intervals are estimated using bootstrap. KID follows the same procedure as FID. Datasets, model choices,
training setups, evaluation methods, and confidence intervals are detailed in Appendix A.

5.1 When ensemble averaging fails: insights from image quality metrics

We show that applying simple ensembling using arithmetic mean yields either little or no improvements in
image quality despite reducing the score matching loss. In Figures 3a to 3e, we evaluate this approach by
progressively increasing the ensemble size K up to K = 5 or K = 10.

(a) FID (FFHQ) (b) KID (FFHQ) (c) FID (CIFAR) (d) KID (CIFAR) (e) LDDSM (CIFAR)

Figure 3: Evolution of FID (→) and KID (→) and LDDSM (→) in function of ensemble size. Samples of the
models in Figures 3a and 3b are displayed in Figure 1. LDDSM is only evaluated on CIFAR-10 since it
corresponds to its training objective. See Appendix A for details on each experiment (uncertainty bounds).

This result is surprising since the main heuristic justification of ensembles is that groups are collectively
wiser than individuals, as aggregated decisions tend to exhibit reduced variance. Moreover, because the
score matching loss, used as the training objective, consistently decreases with larger ensembles, one might
expect the models to achieve better approximation of the target distribution and produce improved samples.

Here, however, we find that simple ensembling yields marginal, if any, gains over the average model and
never surpasses the best individual model in perceptual metrics such as FID and KID. We stress that
surprisingly, as shown on CIFAR-10 in Appendix (Figure 8), ensembling can even perform worse than the
weakest individual model.

Figure 10 (Appendix) shows further unsuccessful attempts to use score averaging to compensate for dis-
cretization errors with fewer DDIM steps on FFHQ. We also tried applying in Table 7 (Appendix) only
during the early sampling steps to test whether averaging is mainly harmful near the data space, but it
did not outperform individual models. All these findings suggest that selecting an ensembling method like
arithmetic mean that reduces the training loss is insu!cient, and that further progress will require going
beyond this aggregation strategy.

5.2 Investigation on ensemble approaches

We explore a range of ensemble variants to identify promising directions and better understand simple
averaging failures. First, we evaluate alternative aggregation strategies (Section 3.2) beyond the arithmetic
mean. Next, we evaluate the MC Dropout approach (Section 5.2.2). We also investigate whether encouraging
diversity among models can improve performance (Section 5.2.3). Finally we extend our analysis with the
non-deep learning approach described in Section 3.1.2 using Forest-VP with Random Forest (Section 5.2.1).

5.2.1 Comparative study of aggregation techniques

We verify whether the behavior observed by averaging scores holds across all the aggregation methods given
in Section 3.2 on both datasets and show that the perceptual improvements are at best marginal (see Table 1).

The four aggregation schemes that combine models at each timestep show no significant di"erences. On
CIFAR-10, these ensembles fail to outperform the average performance of individual models, even though
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Strongest model
       (M1)

21.7 ( )

Weakest model
     (M4)

28.5 ( )

Ensemble 23.5 ( )

. . .

Figure 1: Visual comparison of samples and FID-10k (→) from two individual models from an ensemble of
size K = 4 trained on FFHQ-256, the ensemble using the arithmetic mean and DDIM (Section 2.2.2), and
the distribution of FID-10k on the ensemble. The initial noise seed is fixed. Ensembling does not clearly
improve results: quantitatively, ensembling does not beat the best model. See Section 5.1 for the evolution
of two image quality metrics with respect to K.

While di!usion models have demonstrated impressive performance in generating high-quality data, the usual
strategy to improve their capabilities is either to train deeper neural networks or to extend the training time
(???). However, this scaling strategy comes with increased computational costs and may not be accessible
to all practitioners.

Ensembling (?), which combines multiple models’ outputs to improve performance, o!ers an overlooked
opportunity to improve di!usion without relying on extensive training of one single model. The idea behind
ensembles is that each model contributes di!erent errors and can correct one another’s mistakes. These
techniques, widely used in statistics and supervised learning, have demonstrated strong empirical results.
Ensembling has shown promise for di!usion models as illustrated by the use of Random Forests (an ensemble-
based strategy) for unconditional sampling of tabular data (?). Forms of ensembling are also used for
uncertainty estimation of di!usion models, leveraging entropy over the ensemble’s predictions (???), and to
improve fidelity when targeting specific distributions (??).

Interestingly, attempting to directly apply ensembling to di!usion models does not improve the samples as
straightforwardly as one might expect. This is precisely what we observe in the preliminary example of
Figure 1 where the outputs of the neural networks, which are the ensemble members, are aggregated using
a simple mean of score models. Our observations show that an ensemble of five models does not achieve
the highest image quality even though it beats the average one. Yet in supervised learning, neural network
ensembles yield noticeable gains as soon as K = 2 (?) and generally surpass the best individual model (e.g.
?, Figure 4; ?, Table 4).

In this paper we investigate the impact of ensembling on di!usion models across multiple methods. Our con-
tribution is to show that ensembling yields only marginal, if any, improvements in sample quality,
despite a consistent (but small) reduction in score matching loss. Specifically, we contribute as follows.

1. We look into ensembling for di!usion models (Section 3), using both deep and non-deep base models
(Section 3.1), and diverse aggregation strategies (Section 3.2) . We also provide theoretical insights on
its e!ect on the training objective error and contextualize ensembling within other contexts (Section 4).

2. We empirically evaluate multiple ensembling methods and show that, despite improving the training
objective as predicted by our theoretical analysis, they bring no significant gains on key metrics such as
FID and KID on CIFAR-10 and FFHQ, or the Wasserstein distance on tabular data (Section 5.2.1).

3. We highlight two settings in which ensembling can be helpful. First, the Mixture of Experts provides
small benefits when the models are su"ciently complementary, allowing their diversity to be e!ectively
exploited. Second, in the case of decision-tree aggregation, one method alleviates an underestimation
bias issue, leading to improved performance.

2
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ensembles yield noticeable gains as soon as K = 2 (?) and generally surpass the best individual model (e.g.
?, Figure 4; ?, Table 4).

In this paper we investigate the impact of ensembling on di!usion models across multiple methods. Our con-
tribution is to show that ensembling yields only marginal, if any, improvements in sample quality,
despite a consistent (but small) reduction in score matching loss. Specifically, we contribute as follows.

1. We look into ensembling for di!usion models (Section 3), using both deep and non-deep base models
(Section 3.1), and diverse aggregation strategies (Section 3.2) . We also provide theoretical insights on
its e!ect on the training objective error and contextualize ensembling within other contexts (Section 4).

2. We empirically evaluate multiple ensembling methods and show that, despite improving the training
objective as predicted by our theoretical analysis, they bring no significant gains on key metrics such as
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While di!usion models have demonstrated impressive performance in generating high-quality data, the usual
strategy to improve their capabilities is either to train deeper neural networks or to extend the training time
(???). However, this scaling strategy comes with increased computational costs and may not be accessible
to all practitioners.

Ensembling (?), which combines multiple models’ outputs to improve performance, o!ers an overlooked
opportunity to improve di!usion without relying on extensive training of one single model. The idea behind
ensembles is that each model contributes di!erent errors and can correct one another’s mistakes. These
techniques, widely used in statistics and supervised learning, have demonstrated strong empirical results.
Ensembling has shown promise for di!usion models as illustrated by the use of Random Forests (an ensemble-
based strategy) for unconditional sampling of tabular data (?). Forms of ensembling are also used for
uncertainty estimation of di!usion models, leveraging entropy over the ensemble’s predictions (???), and to
improve fidelity when targeting specific distributions (??).

Interestingly, attempting to directly apply ensembling to di!usion models does not improve the samples as
straightforwardly as one might expect. This is precisely what we observe in the preliminary example of
Figure 1 where the outputs of the neural networks, which are the ensemble members, are aggregated using
a simple mean of score models. Our observations show that an ensemble of five models does not achieve
the highest image quality even though it beats the average one. Yet in supervised learning, neural network
ensembles yield noticeable gains as soon as K = 2 (?) and generally surpass the best individual model (e.g.
?, Figure 4; ?, Table 4).

In this paper we investigate the impact of ensembling on di!usion models across multiple methods. Our con-
tribution is to show that ensembling yields only marginal, if any, improvements in sample quality,
despite a consistent (but small) reduction in score matching loss. Specifically, we contribute as follows.

1. We look into ensembling for di!usion models (Section 3), using both deep and non-deep base models
(Section 3.1), and diverse aggregation strategies (Section 3.2) . We also provide theoretical insights on
its e!ect on the training objective error and contextualize ensembling within other contexts (Section 4).

2. We empirically evaluate multiple ensembling methods and show that, despite improving the training
objective as predicted by our theoretical analysis, they bring no significant gains on key metrics such as
FID and KID on CIFAR-10 and FFHQ, or the Wasserstein distance on tabular data (Section 5.2.1).

3. We highlight two settings in which ensembling can be helpful. First, the Mixture of Experts provides
small benefits when the models are su"ciently complementary, allowing their diversity to be e!ectively
exploited. Second, in the case of decision-tree aggregation, one method alleviates an underestimation
bias issue, leading to improved performance.

2

FID

We tried many tricks to “make 
ensembling work” for diffusion 
models, but nothing really seemed 
to work, do our recommendation 
was not to do it, given the very 
high computational cost.
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• Q: In what way are the cross-entropy/Brier score different from the classification 
error/AUC?
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• Q: In what way are the cross-entropy/Brier score different from the classification 
error/AUC?

Ø Cross-entropy, Brier score and MSE are convex, which is not the case of 
classification error/AUC/FID.
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• Q: In what way are the cross-entropy/Brier score different from the classification 
error/AUC?

Ø Cross-entropy, Brier score and MSE are convex, which is not the case of 
classification error/AUC/FID.

• Our main contribution is to show that this convexity divide is responsible for the results 
we just saw. We will essentially show that

Ø For convex losses, ensembles are getting better all the time

Ø For convex losses, ensembles are improving over ‘‘good’’ data points and 
getting worse over ‘‘bad’’ data points.
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• While we only talked about machine learning so far, these insights are true as long as 
there is an ensemble and a loss function, for instance in regression, parameter 
estimation, or collective intelligence.

• Here a crowd was asked to predict the ratings of upcoming movies
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Figure 5: Evolution of the accuracy of a dropout ensemble on the 3-class dermatology data
set as the number of models grows (mean and standard deviation over 500 repe-
titions). (Left) (Centre-left) (Centre-Right) (Right)
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Figure 6: Evolution of the error at predicting the ratings of three movies as the size of the
crowd grows (mean and standard deviation over 10, 000 repetitions). (Left) The
squared error is decreasing for all three movies. Since this is a convex loss, this
is in line with Theorem 2. (Middle and Right) The Welsh and Geman-McClure
losses decreases for Ghost in the Shell, but increases for the other two movies.
This is in line with Theorem 5, which implies that, for these two losses, the
loss should be eventually decreasing when |y → ȳ→| < 10, and increasing when
|y → ȳ→| > 10.

5.2 Wisdom of crowds for movie rating predictions

As an example of prediction of a continuous value, we now turn to an experiment closer
to social sciences than machine learning. The goal is to predict the rating of an upcoming
movie, using the wisdom of crowds principle, based on data collected by Simoiu et al. (2019).

Several people were asked to come up with a prediction for the future “audience score”
rating of an upcoming movie on the website www.rottentomatoes.com. The full dataset
contains 20 movies, that were rated (out of 100) several months before their release, by
around 450 users (the minimum number of ratings is 447 and the maximum 478).

24

Simoiu et al., Studying the “Wisdom of Crowds” at Scale, HCOMP, 2019
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• While we only talked about machine learning so far, these insights are true as long as 
there is an ensemble and a loss function, for instance in regression, parameter 
estimation, or collective intelligence.

• Here a crowd was asked to predict the ratings of upcoming movies
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<latexit sha1_base64="dHv+A5Uuva9ptF1/zVj7xjZP8iE="></latexit>

Ghost in the Shell, |y � ȳ1| ⇡ 5.41 < 10
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Figure 6: Evolution of the error at predicting the ratings of three movies as the size of the
crowd grows (mean and standard deviation over 10, 000 repetitions). (Left) The
squared error is decreasing for all three movies. Since this is a convex loss, this
is in line with Theorem 2. (Middle and Right) The Welsh and Geman-McClure
losses decreases for Ghost in the Shell, but increases for the other two movies.
This is in line with Theorem 5, which implies that, for these two losses, the
loss should be eventually decreasing when |y → ȳ→| < 10, and increasing when
|y → ȳ→| > 10.

5.2 Wisdom of crowds for movie rating predictions

As an example of prediction of a continuous value, we now turn to an experiment closer
to social sciences than machine learning. The goal is to predict the rating of an upcoming
movie, using the wisdom of crowds principle, based on data collected by Simoiu et al. (2019).

Several people were asked to come up with a prediction for the future “audience score”
rating of an upcoming movie on the website www.rottentomatoes.com. The full dataset
contains 20 movies, that were rated (out of 100) several months before their release, by
around 450 users (the minimum number of ratings is 447 and the maximum 478).
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• While we only talked about machine learning so far, these insights are true as long as 
there is an ensemble and a loss function, for instance in regression, parameter 
estimation, or collective intelligence.

• Here a crowd was asked to predict the ratings of upcoming movies
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Figure 6: Evolution of the error at predicting the ratings of three movies as the size of the
crowd grows (mean and standard deviation over 10, 000 repetitions). (Left) The
squared error is decreasing for all three movies. Since this is a convex loss, this
is in line with Theorem 2. (Middle and Right) The Welsh and Geman-McClure
losses decreases for Ghost in the Shell, but increases for the other two movies.
This is in line with Theorem 5, which implies that, for these two losses, the
loss should be eventually decreasing when |y → ȳ→| < 10, and increasing when
|y → ȳ→| > 10.

5.2 Wisdom of crowds for movie rating predictions

As an example of prediction of a continuous value, we now turn to an experiment closer
to social sciences than machine learning. The goal is to predict the rating of an upcoming
movie, using the wisdom of crowds principle, based on data collected by Simoiu et al. (2019).

Several people were asked to come up with a prediction for the future “audience score”
rating of an upcoming movie on the website www.rottentomatoes.com. The full dataset
contains 20 movies, that were rated (out of 100) several months before their release, by
around 450 users (the minimum number of ratings is 447 and the maximum 478).
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For convex losses, ensembles are getting
better all the time



Formalising the problem

66

• We have predictions                                 (e.g. the predictive probabilities of + neural 
nets for a single given image), and we want to look at the average prediction  

• We also assume that we have a loss function                         

• Since we want to have results on the influence of the predictions at the data point 
level, we assume that everything is fixed except the      .
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• We have predictions                                 (e.g. the predictive probabilities of + neural 
nets for a single given image), and we want to look at the average prediction  

• We also assume that we have a loss function                         

• Since we want to have results on the influence of the predictions at the data point 
level, we assume that everything is fixed except the      .

• We are going to assume that                      are exchangeable (weaker than i.i.d.)
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ŷs

<latexit sha1_base64="YoewdOSRkDJ9h29otiEJWkNULUQ="></latexit>
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Formalising the problem
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• We have predictions                                 (e.g. the predictive probabilities of + neural 
nets for a single given image), and we want to look at the average prediction  

• We also assume that we have a loss function                         

• Since we want to have results on the influence of the predictions at the data point 
level, we assume that everything is fixed except the      .

• We are going to assume that                      are exchangeable (weaker than i.i.d.) with 
mean 
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• We have predictions                                 (e.g. the predictive probabilities of + neural 
nets for a single given image), and we want to look at the average prediction  

• We also assume that we have a loss function                         

• Since we want to have results on the influence of the predictions at the data point 
level, we assume that everything is fixed except the      .

• We are going to assume that                      are exchangeable (weaker than i.i.d.) with 
mean 

  

<latexit sha1_base64="j4xemAqchpXKLcwiZn/hV3PPpQU="></latexit>
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All these assumptions are true for random forests, 
deep ensembles, bagging,…



Refresher: Jensen’s inequality
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• If we assume that the loss is convex, we have convexity and averages, so using Jensen’s 
seems like a good idea. 

• Reminder: in its general form, Jensen’s states that                                       when , is 
convex and these expectations exist.

• A useful version is its finite form 

<latexit sha1_base64="JXgcstwEAmRAzx+T9qrvsj1brsk="></latexit>

f(E[x])  E[f(x)]

<latexit sha1_base64="1umqLdp7p3tpW8rlhJls3FcVxmM="></latexit>

f

 
1

K

KX

k=1

xk

!
 1

K

KX

k=1

f (xk)



Jensen’s and ensembles, old school classics

71

• Using the finite form of Jensen’s gives
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• Using the finite form of Jensen’s gives
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• Using the finite form of Jensen’s gives
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• Using the finite form of Jensen’s gives
<latexit sha1_base64="4o4O8Z/g/WWrg8A/5uK4rM4y3as="></latexit>

L(yK)  1

K

KX

k=1
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• Using the finite form of Jensen’s gives

For this, we don’t even need to assume that the predictions are random variables!
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• Using the finite form of Jensen’s gives

• If                       are exchangeable with mean                                                       , Jensen’s 
further gives 
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• Using the finite form of Jensen’s gives

• If                       are exchangeable with mean                                                       , Jensen’s 
further gives 
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• Using the finite form of Jensen’s gives

• If                       are exchangeable with mean                                                       , Jensen’s 
further gives 
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• The arguments of the previous slides were already used in the ensemble papers from the 
90s (Michael Perrone’s 1993 PhD thesis, Krogh and Vedelsby, 1995, Breiman, 1996).

• When - is the squared error, this is just another way to say that ensembling reduces the 
variance

• The summary was that an ensemble with a single model is worse than one with a finite 
number of models . ≥ 0, which is in turn worse than one with an infinite number of 
models.
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• The arguments of the previous slides were already used in the ensemble papers from the 
90s (Michael Perrone’s 1993 PhD thesis, Krogh and Vedelsby, 1995, Breiman, 1996).

• When - is the squared error, this is just another way to say that ensembling reduces the 
variance

• The summary was that an ensemble with a single model is worse than one with a finite 
number of models . ≥ 0, which is in turn worse than one with an infinite number of 
models.

• But this says nothing about the question that really interests us : Is it always true that an 
ensemble of . models performs better than an ensemble of .− 2 models?

• Actually, playing around with Jensen’s inequality allows to have a simple answer to that 
question.
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• Our goal is to use Jensen’s to show that ensembles are getting better, i.e. that 
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• Our goal is to use Jensen’s to show that ensembles are getting better, i.e. that 

• It would be neat to write down         as some form of expectation of              and directly 
use Jensen’s.
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• Our goal is to use Jensen’s to show that ensembles are getting better, i.e. that 

• It would be neat to write down         as some form of expectation of              and directly 
use Jensen’s. This is actually not too hard, by noting that 
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• Our goal is to use Jensen’s to show that ensembles are getting better, i.e. that 

• It would be neat to write down         as some form of expectation of              and directly 
use Jensen’s. This is actually not too hard, by noting that 

• Using Jensen’s then gives us 
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• We saw that
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• We saw that

• Averaging this expression gives 
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• We saw that

• Averaging this expression gives 
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Equals                     because 
of exchangeability        
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• We have just shown that, when the predictions are exchangeable and the loss is convex, 
ensembles are monotonically getting better
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• We have just shown that, when the predictions are exchangeable and the loss is convex, 
ensembles are monotonically getting better

Ø Possible to have strict monotonicity when the loss is strongly convex
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Ensembles get better for convex losses

90

• We have just shown that, when the predictions are exchangeable and the loss is convex, 
ensembles are monotonically getting better

Ø Possible to have strict monotonicity when the loss is strongly convex
Ø A version of this result has been published a long time ago in a different context

v Marshall and Proschan, An inequality for convex functions involving majorization, 
Journal of Mathematical Analysis and Applications, 1965
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• We have just shown that, when the predictions are exchangeable and the loss is convex, 
ensembles are monotonically getting better

Ø Possible to have strict monotonicity when the loss is strongly convex
Ø A version of this result has been published a long time ago in a different context

v Marshall and Proschan, An inequality for convex functions involving majorization, 
Journal of Mathematical Analysis and Applications, 1965

Ø In the ML/stats litterature, versions of this result with specific losses (MSE, cross-entropy) 
and additional assumptions have been published (Probst and Boulesteix, 2018)
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• We have just shown that, when the predictions are exchangeable and the loss is convex, 
ensembles are monotonically getting better

Ø Possible to have strict monotonicity when the loss is strongly convex
Ø A version of this result has been published a long time ago in a different context

v Marshall and Proschan, An inequality for convex functions involving majorization, 
Journal of Mathematical Analysis and Applications, 1965

Ø In the ML/stats litterature, versions of this result with specific losses (MSE, cross-entropy) 
and additional assumptions have been published (Probst and Boulesteix, 2018)

Ø Also related to the monotonicity of IWAE bounds, as first noticed by this paper
v Noh et al., Regularizing deep neural networks by noise: Its interpretation and 

optimization, NeurIPS 2017
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• Can we extend these results to more general aggregation functions?
• This is difficult, and had to be done in a case-by-case basis. Let’s look at an example that 

looks simple enough.
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• Can we extend these results to more general aggregation functions?
• This is difficult, and had to be done in a case-by-case basis. Let’s look at an example that 

looks simple enough.

• We focus on probabilistic prediction: our models are densities 3$, … , 3%. A fairly general 
way to aggregate them is by using their normalised generalised mean, for a given 7 ∈ ℝ

v Razafindralambo et al., Beyond Mixtures and Products for Ensemble Aggregation: A Likelihood Perspective on Generalized 
Means, UAI 2026
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Is there a « wisdom of crowds » for the normalised generalised mean?

95

• When : = <, the normalised generalised mean corresponds to the geometric mean (a.k.a. 
product of experts).
Ø Averaging the logits of deep nets
Ø Averaging the scores of score-based models (e.g. diffusion models)

• When 7=1, this is just the standard average (a.k.a. mixture of experts).
Ø Averaging the probabilities of deep nets
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• When : = <, the normalised generalised mean corresponds to the geometric mean (a.k.a. 
product of experts).
Ø Averaging the logits of deep nets
Ø Averaging the scores of score-based models (e.g. diffusion models)

• When 7=1, this is just the standard average (a.k.a. mixture of experts).
Ø Averaging the probabilities of deep nets

• Actually, these are the two extreme aggregations that always work! We showed that

• When                    , we find counter-examples where this inequality fails! 
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(a) CIFAR-100 (b) MedMNIST (c) IMDb

Figure 3: Illustration of the cross-entropy behavior of the normalized power mean likelihood →
pk,r (via cross-entropy)

in three classification settings. All plots exhibit a U-shaped performance curve: extreme aggregation amplifies model
disagreement, whereas optimal values lie in [0, 1]. Consistent with Theorem 3.1, the regime r → [0, 1] remains reliably below
the individual model uncertainty band. By contrast, negative orders (r < 0) perform poorly, likely due to disagreements on
dominant classes, as discussed in Section 3.3.

(a) CIFAR-100 (b) MedMNIST (c) Imdb

Figure 4: Illustration of the cross-entropy behavior of the normalized power mean likelihood →
pk,r, focusing on values

of r around [0, 1] (zoomed view of Figure 3). On MedMNIST (b) and IMDb (c), the optimal likelihood lies within the
reliability interval [0, 1] (Theorem 3.1), whereas on CIFAR-100 (a) it lies slightly beyond it (↑ 1.4). This shows that while
the interval [0, 1] provides a stable and reliable regime, mild optimism outside it can still be beneficial in practice.

framework introduced by Lakshminarayanan et al. (2017)
and Fort et al. (2019). In this case, each predictive distri-
bution p(i) is represented by the softmax output of an inde-
pendently trained classifier, and aggregation is performed
over multiple such models. For each experiment, we build
ensembles of size 10 and repeat the process across 5 inde-
pendent ensemble draws to reduce variance. Aggregation
is applied at inference time using the generalized mean of
order r (Definition 2.1).

Datasets and architectures. We evaluate aggregation
across vision, medical imaging, and NLP to test the gen-
erality of the phenomenon. For multi-class classification,
we use CIFAR-100 (Krizhevsky, 2009), a benchmark of
60,000 low-resolution color images spanning 100 classes
with only 600 images per class. The large label space and
limited per-class data increase the classification difficulty
and the likelihood of inter-model disagreement. In the medi-
cal domain, we consider DermaMNIST (Yang et al., 2023),
which contains dermatoscopic skin lesion images across
diagnostic categories. The dataset is strongly imbalanced,
with benign melanocytic nevi representing about two thirds

of samples while several classes account for only 1–5%. We
train standard convolutional residual networks (He et al.,
2016; Zagoruyko and Komodakis, 2016) for these vision
tasks. Finally, to assess aggregation in NLP, we train trans-
formers (Vaswani et al., 2017) on IMDb (Maas et al., 2011),
a balanced binary sentiment classification dataset of 50,000
movie reviews. See Appendix A for further details.

Evaluation. We evaluate performance using test cross-
entropy, which corresponds to the negative log-likelihood of
the true labels under the predictive distribution. We measure
how it varies as a function of r, with particular attention to
the predicted safe regime r → [0, 1].

4.1 INTERMEDIATE ORDERS ARE MORE
RELIABLE THAN EXTREMES

By analyzing aggregation across the full range r → R, we
show in Figure 3 that performance follows a characteristic
U-shaped curve, with reliable improvements confined to the
regime r → [0, 1].

7



5
What happens for nonconvex losses?



Can we reuse what we did for non-convex losses?

99

• There is an instance of nonconvex loss that can be tackled by the convex theory! Is we 
have a concave loss then ensembles are always getting worse:

• Of course concave loss do not exist in real life, but this still gives us some insights about 
what’s going on.
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• There is an instance of nonconvex loss that can be tackled by the convex theory! Is we 
have a concave loss then ensembles are always getting worse:

• Of course concave loss do not exist in real life, but this still gives us some insights about 
what’s going on.

• Indeed, some losses are convex in some part of the prediction space, and convex in 
another part. If our predictions mostly end up in the concave part, we can expect our 
ensembles to get worse!
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• The smooth losses are 
convex when 
predictions are « right » 
(above the purple 
inflexion point) and 
concave when they are 
« wrong ».
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• The smooth losses are 
convex when 
predictions are « right » 
(above the purple 
inflexion point) and 
concave when they are 
« wrong ».

• The classification error 
can be approximated by 
the sigmoid loss
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The sigmoid loss behaves roughly like the classification error
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Are ensembles getting better all the time?
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Figure 4: Evolution of the sigmoid loss of a dropout ensemble on the dermatology data set as
the number of models grows (mean and standard deviation over 500 repetitions).
(Left) The sigmoid loss averaged over the whole test appears to be decreasing.
(Middle) The loss averaged over images for which the asymptotic prediction y→
is correct is getting better. (Right) The loss averaged over images for which the
asymptotic prediction y→ in incorrect is getting worse. The behaviours of these
middle and right panels are explained by our theory. Notice that the three y-axes
have di!erent scales.

split is the same as the one from Yang et al. (2023), and consists of 1, 548 color images of
resolution 28 → 28 for training, 221 similar images for validation, and 443 test images.

We use a simple LeNet-like convolutional network (LeCun et al., 1998) whose fully
connected layers are regularised with a dropout rate of 50% (Srivastava et al., 2014). At
test time, our base predictions ŷ1, . . . , ŷK are the outputs of the trained network with
di!erent random dropout masks. The ensemble prediction yK is called Monte Carlo model
averaging by Srivastava et al. (2014, Section 7.5) and was popularised in particular by Gal
and Ghahramani (2016), who called it Monte Carlo dropout.

As we saw in the introduction (Figure 2), the test cross-entropy is a decreasing function
of K. This is explained by our theory, that indicates that, the average cross-entropy should
be decreasing for all test images, because of Theorem 2 and the convexity of the cross-
entropy. On the other hand, Figure 1 illustrated that the accuracy of the model was
improving for images well-classified by the asymptotic model y→, and getting worse for
the other points. This is again consistent with our theory, illustrating the dichotomy of
Theorem 10.

One result that was not illustrated in the introduction was the theorem for smooth
nonconvex losses (Theorem 5). To fill this gap, we look at the evolution of the sigmoid loss
(see Figure 3) as the dropout ensemble grows. The result, displayed in Figure 4, tells a story
similar to the one of the classification error: the loss averaged over images well-classified by
y→ is going down, and going up when averaged over wrongly classified images, consistently
with Theorem 5.

To also illustrate our results in the multiclass setting, we also consider a version of the
same dataset with an additional class, corresponding to basal-cell carcinoma, which is the
most common type of skin cancer.

23

Good ensembles get better, bad ones get worse



Some nonconvex losses for regression
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• The smooth losses are 
convex when 
predictions are « right » 
(above the purple 
inflexion point) and 
concave when they are 
« wrong ».

• The classification error 
can be approximated by 
the sigmoid loss

• Same insights for 
regressions losses.
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Again, good ensembles get better, bad ones get worse for nonconvex losses
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Mattei and Garreau
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Figure 5: Evolution of the accuracy of a dropout ensemble on the 3-class dermatology data
set as the number of models grows (mean and standard deviation over 500 repe-
titions). (Left) (Centre-left) (Centre-Right) (Right)
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Figure 6: Evolution of the error at predicting the ratings of three movies as the size of the
crowd grows (mean and standard deviation over 10, 000 repetitions). (Left) The
squared error is decreasing for all three movies. Since this is a convex loss, this
is in line with Theorem 2. (Middle and Right) The Welsh and Geman-McClure
losses decreases for Ghost in the Shell, but increases for the other two movies.
This is in line with Theorem 5, which implies that, for these two losses, the
loss should be eventually decreasing when |y → ȳ→| < 10, and increasing when
|y → ȳ→| > 10.

5.2 Wisdom of crowds for movie rating predictions

As an example of prediction of a continuous value, we now turn to an experiment closer
to social sciences than machine learning. The goal is to predict the rating of an upcoming
movie, using the wisdom of crowds principle, based on data collected by Simoiu et al. (2019).

Several people were asked to come up with a prediction for the future “audience score”
rating of an upcoming movie on the website www.rottentomatoes.com. The full dataset
contains 20 movies, that were rated (out of 100) several months before their release, by
around 450 users (the minimum number of ratings is 447 and the maximum 478).

24
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Theorem. Let ŷ1, . . . , ŷK 2 C be nondegenerate i.i.d. random variables

whose first 5 moments are finite, and L be a function with continuous and

bounded partial derivatives of order up to 5, with Hessian matrix H. Then

1. If H(y1) � 0, then the ensemble is eventually getting better: for K large

enough,

E [L (yK)] < E
⇥
L
�
yK�1

�⇤
, (1)

2. If H(y1) � 0, then the ensemble is eventually getting worse: for K large

enough,

E [L (yK)] > E
⇥
L
�
yK�1

�⇤
. (2)
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The proof essentially relies on a fourth order Taylor expansion of the loss.
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points misclassified. 
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• Smooth nonconvex losses are not that popular. The only truly popular nonconvex loss is 
the classification error.

• Since the accuracy is well-approximated by the sigmoid loss, the previous result seems to 
indicate that the accuracy will be increasing for points well classified, and decreasing for 
points misclassified. In practice, we saw in the beginning that this was indeed the case
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• Surprisingly, things get very weird for the classification error.

• We were looking for a quick and natural proof
Ø using the fact that the sigmoid approximates the classification error
Ø using the fact that the result is true if the      are Gaussian and then use the central 

limit theorem (or Berry-Esseen, or large deviations?)

• Nothing worked. And for good reason. Indeed, we found that there is a very simple counter–
example that dates back to Condorcet (1785) !
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• For binary classification when the true label is 0, the average error is just

• Now, let 

• We would very like                    to be decreasing if                     and increasing if
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• For binary classification when the true label is 0, the average error is just

• Now, let 

• We would very like                    to be decreasing if                     and increasing if

but…  

Non-monotonicity seems to be
there because of the potential
ties, ie when    
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<latexit sha1_base64="Ur/AAfJkib9hOOrNvs/ggL322Ss="></latexit>

E[L(yk)]
<latexit sha1_base64="jJUMEYb3HdfGkW74fWRkGRkCZ9Y="></latexit>

y1 < 0.5
<latexit sha1_base64="UfaGtEObjA+eFxiDKFG1JHutsqE="></latexit>

y1 > 0.5

<latexit sha1_base64="jQXWNjxq+p3lh2XbZlaVnzPqNZ8="></latexit>

y→ = 0.4

<latexit sha1_base64="i8j5Io31nLkLUjEhWGYdwe2RgKk="></latexit>

yK = 0.5



We did manage to do something!

117

<latexit sha1_base64="rv/ygTO3eunPsdcl5ZcSHe5HAqg="></latexit>

Let ŷ1, . . . , ŷK 2 RnCl be i.i.d. random variables. Then

1. If the prediction is asymptotically correct (Weird assumption 1), then the
ensemble is eventually getting better: for K large enough,

E [L (yK)] < E
⇥
L
�
yK�1

�⇤
, (1)

2. If the prediction is asymptotically completely incorrect (Weird assumption
2), then the ensemble is eventually getting better: for K large enough,

E [L (yK)] > E
⇥
L
�
yK�1

�⇤
. (2)
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Proof idea: use strong large deviation theorems: Bahadur-Ranga Rao-Petrov
for binary classification and Joutard for multiclass.
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Theorem 1 (monotonicity of tail probabilities, univariate) Let X1, . . . , Xn

be i.i.d. random variables with finite expectation µ, and let " > 0. Assume fur-
thermore that

1. E
⇥
etX1

⇤
< +1 for all t 2 R;

2. P (X1 > µ+ ✏) > 0;

3. X1 is absolutely continuous with respect to the Lebesgue measure;

or, alternatively to (3),

(3bis) X1 is a lattice random variable and P (X1 = µ+ ✏) > 0.

Then, P
�
Xn � µ+ "

�
and P

�
Xn > µ+ "

�
are both strictly decreasing for all n

large enough.
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Similar result in the multivariate case but much more complicated...
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• From a practical perspective, our results strengthen and confirm the message of Probst and 
Boulesteix: ensemble size should not be tuned, and ensembles should be as large as 
possible.

• This work was solely about the « pure variance reduction effect » of generic ensembles. 
Of course, this is a very small part of the story

• Theoretical work on specific kinds of ensembles is also very important
Ø Scornet and Hooker, Theory of Random Forests: A Review, HAL-05006431, 2025
Ø Wild et al., A Rigorous Link between Deep Ensembles and (Variational) Bayesian 

Methods, NeurIPS 2023 
Ø Hron et al., Variational BayesiaVariational Bayesian dropout: pitfalls and fixes, ICML 

2023


